The Loewner energy of a Jordan curve is the Dirichlet energy of its Loewner driving term. It is finite if and only if the curve is a Weil-Petersson quasicircle. In this paper, we describe cutting and welding operations on finite Dirichlet energy functions defined in the plane, allowing expression of the Loewner energy in terms of Dirichlet energy dissipation. We show that the Loewner energy of a unit vector field flow-line is equal to the Dirichlet energy of the harmonically extended winding. We also give an identity involving a complex-valued function of finite Dirichlet energy that expresses the welding and flow-line identities simultaneously. As applications, we prove that arclength isometric welding of two domains is sub-additive in the energy, and that the energy of equipotentials in a simply connected domain is monotone. Our main identities can be viewed as action functional analogs of both the welding and flow-line couplings of Schramm-Loewner evolution curves with the Gaussian free field.
Introduction
Let η be a Jordan curve inĈ = C ∪ {∞}. The Loewner equation describes such a curve by a real-valued continuous function on R called the Loewner driving term. The Loewner energy of η, denoted I L (η), is by definition the Dirichlet energy of this driving term [22, 32] and is invariant under Möbius transformations ofĈ. It was shown in [32] that if η passes through ∞, then
Here f and g map conformally the upper and lower half-planes H and H * onto, respectively, H and H * , the two components of C \ η, while fixing ∞. In fact, a Jordan curve has finite energy if and only if it is a Weil-Petersson quasicircle, that is, its normalized welding homeomorphism belongs to the Weil-Petersson Teichmüller space [32] , which appears, e.g., in the context of closed string theory and has attracted considerable interest from both mathematicians and physicists, see, e.g., [7, 19, 30, 28] . The link with the Loewner energy goes deeper and the energy itself is intimately connected to the geometry of the WeilPetersson Teichmüller space: it coincides with (a constant times) the universal Liouville action of Takhtajan and Teo [30] , a Kähler potential for the Weil-Petersson metric.
Another motivation to study the Loewner energy is that it is also the action functional of the Schramm-Loewner evolution (SLE), a family of random fractal curves arising as universal scaling limits of interfaces in critical planar lattice models. Pioneering work of Dubédat [10] and Sheffield [24] on couplings between SLEs and the Gaussian free field (GFF) have led to remarkable and far-reaching results, see, e.g., [18, 11] . Our main identities are in a certain sense deterministic analogs of SLE/GFF coupling theorems, on the action functional level. We will further comment on this at the end of the introduction. One of the original motivations for this work was indeed to better understand the SLE/GFF relations. However, we stress that our (short) proofs use only analytic tools, and we need no results about the probabilistic models in this paper.
Cutting and welding
Our first theorem exhibits the close interplay between functions of finite Dirichlet energy in the plane and the Loewner energy of a Jordan curve passing through ∞. To state the result, we write E(D) for the space of real functions on a domain D ⊂ C with weak first derivatives in L 2 (D), and define the Dirichlet energy of ϕ ∈ E(D) by
Theorem 1.1 (Cutting). Suppose η is a Jordan curve through ∞, let f and g be conformal maps associated to η as above, and suppose ϕ ∈ E(C) is given. Then we have the identity:
D C (ϕ) + I L (η) = D H (u) + D H * (v),(1.
2)
where u = ϕ • f + log f and v = ϕ • g + log g .
It is natural to view the functions in Theorem 1.1 as real parts of "pre-pre-Schwarzian" forms whose transformation law is given by (1.3) . Note that the Dirichlet energy is not invariant under this transformation. It is not hard to see that e 2ϕ dz 2 defines a locally finite measure on C, absolutely continuous with respect to Lebesgue measure dz 2 . The transformation law (1.3) shows that e 2u dz 2 and e 2v dz 2 are the pushforward measures by f and g of e 2ϕ dz 2 , see Section 3.1.
Theorem 1.1 shows that a finite energy curve η cuts a ϕ ∈ E(C) into two half-plane forms in a way that conserves the total energy. Note also that when ϕ is constant, one obtains the identity (1.1). See Theorem 3.1 for the proof of Theorem 1.1 and Theorem 3.6 for the corresponding identity for a Jordan curve in C. • f is constructed from the measures e u dx and e v dx, and their pushforward measures by f and g both give e ϕ |dz| on η.
Given two half-plane functions of finite Dirichlet energy, one can recover ϕ and η such that (1.2) holds. The operation converse to cutting is implemented by conformal welding:
A homeomorphism h : R → R is said to be a conformal welding if there is a Jordan curve η through ∞ and conformal maps f, g of the upper and lower half-planes onto the two components of C \ η, respectively, such that h = g −1 • f | R .
Suppose H and H * are each equipped with a boundary measure defining a distance between x < y by the measure of [x, y] . Under suitable assumptions on the measures, the isometry h : R = ∂H → ∂H * = R fixing 0 is well-defined and a welding homeomorphism. In this case, we say that h is an isometric welding homeomorphism and the corresponding tuple (η, f, g) is a solution to the isometric welding problem for the given measures.
In our setting we have the following result. In the statement, dx is Lebesgue mesaure on R and the measures e u dx and e v dx are defined using the traces of u, v on R, see Section 2.2. See Theorem 3.2 for a complete statement and Theorem 3.7 for the welding of disks.
Theorem 1.2 (Isometric conformal welding). Suppose u ∈ E(H) and v ∈ E(H *
We have the following consequence which justifies calling conformal welding the inverse to cutting, see Corollary 3.3 for the precise statement. Let u ∈ E(H) and v ∈ E(H * ) be forms with transformation law (1.3), and assume they "glue" to a function ϕ ∈ E(C) along a Jordan curve. Then the interface is necessarily obtained by the isometric welding of the boundary measures, and its Loewner energy is finite and given by the difference
. In this way we may view the Loewner energy as quantifying the "dissipation" of Dirichlet energies when performing this gluing operation.
In order to prove Theorem 1.2, we first show that the welding curve η has finite energy, which implies ϕ ∈ E(C \ η). The idea is to then show that ϕ has matching traces defined from both sides of η, and use this to conclude ϕ ∈ E(C). We may then apply Theorem 1.1 to obtain (1.2).
Although finite energy curves are not C 1 and may exhibit slow spirals [22] (and so are not Lipschitz), there is still enough regularity to take traces using disk averages of elements in E(C) (see Appendix A) giving rise to H 1/2 spaces along the curves and to employ BMO-space estimates. Conformal invariance properties and the good interplay between arclength and harmonic measure on finite energy curves are also important for the analysis. In relation to this, let us briefly explain a simple consequence for a question in geometric function theory.
Suppose η 1 , η 2 are locally rectifiable Jordan curves of the same length (possibly infinite) bounding two domains Ω 1 and Ω 2 and mark a point on each curve. Let ψ be an arclength isometry η 1 → η 2 matching the marked points. Following Bishop [6] , we are interested in whether there is a Jordan curve η (and whether it is unique up to Möbius transformation), and conformal equivalences f 1 , f 2 from Ω 1 and Ω 2 to the two connected components of
that is, we are asking whether ψ is an arclength isometric welding. Rectifiability of η 1 and η 2 does not guarantee the existence nor the uniqueness of η, but the chord-arc property does (see below for the definition). However, chord-arc curves are not closed under isometric conformal welding: the welding curve can have Hausdorff dimension arbitrarily close to 2, see [9, 26, 6] . We will show that finite energy curves behave much better. 
Remark. The inequality of Corollary 1.3 can be interpreted as an energy dissipation of the arclength isometric welding into an ambient function in E(C). See Corollary 3.4 for the precise (in fact stronger) statement for unbounded curves, and Corollary 3.8 for bounded curves.
Flow-line identity
An elementary observation is that the Dirichlet energy of a harmonic function is equal to the Dirichlet energy of its harmonic conjugate. Therefore (1.1) can be written
On the other hand, if η has finite energy, arg f gives the winding τ := arg(η ) of η, and one can express the Loewner energy (Theorem 3.10) as
where we write P[τ ] for the Poisson extension of τ to C \ η on both sides, that is, the restrictions are given by the solutions to the Dirichlet problem with boundary data τ .
Consider a unit vector field X(z) = e iϕ(z) on C. A flow-line of X through a point z 0 ∈ C is a solution to the differential equatioṅ 
Using these facts, we deduce that the energy of equipotentials is monotone, see Corollaries 3.11 and 3.12. We summarize these results below, see also Corollaries 2.8 and 2.10. There are two different cases: η is a bounded finite energy Jordan curve (resp. passing through ∞), and f a conformal map from D (resp. H) to one connected component of C \ η.
Corollary 1.5.
Consider the family of analytic curves η r := f (rT), where 0 < r < 1 (resp. η r := f (R + ir), where r > 0). For all 0 < s < r < 1 (resp. 0 < r < s), we have
and equalities hold if only if η is a circle (resp. η is a line). Moreover, I L (η r ) (resp. I L (η r )) is continuous in r and
Remark. Both limits and the monotonicity substantiate the intuition that the Loewner energy measures the deviation of a Jordan curve from a circle. In particular, the vanishing of the energy of η r as r → 0 can be thought as expressing the fact that conformal maps asymptotically take small circles to circles.
We have the following corollary which expresses both welding and flow-line identities simultaneously, see Corollary 3.13. 
where ζ = ψ • f + (log f ) * , ξ = ψ • g + (log g ) * and z * is the complex conjugate of z.
SLE/GFF discussion and heuristics
As we have indicated, the relations given in our main results could be interpreted as action functional analogs of SLE/GFF coupling theorems. We will make some remarks related to this, but we emphasize that we are not making rigorous statements here.
Recall that the GFF is a Gaussian random distribution whose correlation function is given by the Green's function for the Laplacian and that SLE κ is the family of random curves obtained by using √ κB t , where B t is standard Brownian motion, as driving function for the Loewner equation, see [27, 23] .
If X is a centered Gaussian random variable with law µ, taking values in a Banach space, the family of random variables ( √ κX) κ→0+ has large deviation rate function equal to the action functional (associated Cameron-Martin norm) for µ. For example, the large deviation rate function for the Neumann GFF on a domain
Moreover, since the one-dimensional Dirichlet energy is the action functional for Brownian motion, we expect SLE κ and the Loewner energy to be related as:
See [31] for a precise statement in the chordal setting.
Sheffield's quantum zipper couples SLE κ curves with quantum surfaces via a cutting operation and as welding curves 1 [24, 11] . A quantum surface is a domain equipped with a Liouville quantum gravity (γ-LQG) measure, defined using a regularization of e γΦ dz 2 , where γ = √ κ ∈ (0, 2), and Φ is a Gaussian field with the covariance of a Neumann GFF. There is another coupling known as the forward SLE/GFF coupling, of critical importance, e.g., in the imaginary geometry framework of Miller-Sheffield [10, 18] : very loosely speaking, an SLE κ curve may be coupled with a GFF Φ and thought of as a (measurable) flow-line of the vector field e iΦ/χ , where χ = 2/γ − γ/2.
Given these and similar observations, it is possible to guess our identities via heuristic large deviation arguments analogous to (1.5), starting from the probabilistic coupling theorems with independence expressed as summation of action functionals on the deterministic side. Note also that the leading order log-singularities representing conical singularities in the relevant quantum surfaces vanish as γ → 0+ and that χ ∼ 2/γ. The picture that emerges can be summarized in the following table. We will not go into further details here.
SLE/GFF
Finite energy SLE κ loop.
Finite energy Jordan curve, η.
Finite energy η cuts ϕ ∈ E(C) quantum plane into into u ∈ E(H), v ∈ E(H * ) and independent quantum half-planes. Bi-infinite flow-line of e iϕ is an SLE κ loop.
is a finite energy curve.
Conventions:
Throughout the paper, we consider implicitly all Jordan curves to be oriented, so that the complement has two connected components denoted H and H * (Ω and Ω * ) when the curve is unbounded (bounded), where the curve winds counterclockwise around H and Ω, and clockwise around H * and Ω * . We also choose the orientation for bounded curves so that Ω is the bounded component. 
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Preliminaries
For an open, connected set Ω ⊂Ĉ, we write W 1,2 (Ω) for the Sobolev space of real-valued functions u such that both u and its weak first derivatives are in L 2 (Ω). The space W 1,2 loc (Ω) is defined similarly, requiring only local integrability. We use the Hilbert space
loc (Ω) be the space of functions on Ω with finite Dirichlet energy. Note that C ∞ c (C) is dense in E(C) with respect to the semi-norm D Ω (·). Since the Dirichlet energy is conformally invariant so are the E(Ω) spaces: if f :
Let E harm (Ω) ⊂ E(Ω) be the conformally invariant space of harmonic functions on Ω with finite Dirichlet energy. Recall that E harm (C) only consists of constant functions.
We will use the following form of the Poincaré inequality which can be proved using a scaling argument: if D ⊂ C is a disk or square and
Here and in the sequel we use the notation
we also write |D| for the Lebesgue measure of D.
A quasidisk is a simply connected domain whose boundary is a quasicircle inĈ, that is, the image of the unit circle or real line under a global quasiconformal homeomorphism of C. Quasidisks are extension domains for both W 1,2 and E; see, e.g., Theorem 1 and the explicit quasiconformal reflection on p.72 of [16] :
Suppose Ω is a quasidisk and that u ∈ W 1,2 (Ω) and v ∈ E(Ω). Then u extends to a functionũ ∈ W 1,2 (C) such thatũ| Ω = u and v extends to a functionṽ ∈ E(C)
where D ranges over squares with sides parallel to the axes. The definitions for the BMO spaces of functions on R or T are the same, replacing squares by intervals and considering the appropriate Lebesgue measure. We have the John-Nirenberg inequality, see Theorem VI.6.4 of [13] : There exist c 0 , C such that for every u ∈ BMO and every cube D,
H 1/2 on chord-arc curves
We will see below that finite energy curves are chord-arc, that is, they are Ahlfors regular quasicircles: there is a constant K so that for every x, y on the curve η, the shorter arc η x,y between x and y satisfies the estimate
(Recall that η is a quasicircle iff the same estimate holds, with length replaced by diameter.) Equivalently, a chord-arc curve is the image of T or R under a bi-Lipschitz homeomorphism of C, see [15] . It is easy to see that a curve through ∞ is chord-arc if and only if it is the Möbius image of a bounded chord-arc curve.
Suppose η is a chord-arc curve inĈ. We define the homogeneous Sobolev space
defines a semi-norm on H 1/2 (η). Since the measure 1/ |z − w| 2 |dz| |dw| is invariant under any Möbius transformation m ofĈ, we have
In fact, the H 1/2 space is also invariant under conformal mapping to another chord-arc domain (see also Corollary A.6): if η is chord-arc and bounds the domain Ω and ϕ : D → Ω is some choice of Riemann map, then u • ϕ ∈ H 1/2 (T). Indeed, by Möbius invariance we may assume η is bounded in C. Then there exists a bi-Lipschitz homeomorphism of the plane ψ such that η = ψ(T) and it easy to check that u • ψ ∈ H 1/2 (T). We may extend ϕ to a quasiconformal map of the whole plane and therefore
See [19, Section 3] for a proof of Lemma 2.3 in the setting of the unit circle and the proof for the line is the same.
Any element of E harm (D) has non-tangential limits almost everywhere on T (actually outside a set of zero logarithmic capacity). The functions on T obtained in this way coincides with the elements of H 1/2 (T). The Dirichlet energy of the Poisson integral of a function in H 1/2 (T) can be expressed using Douglas' formula, see e.g. [2] :
and by (2.2) the analogous formula holds for E harm (H).
To see this let I be any bounded interval and set u I = I u/|I| dx. Then,
Then by the John-Nirenberg inequality (2.1), there exist c 0 , C such that for every
and c → 1 as u δ, * → 0.
Suppose u ∈ E(C) and that η is a chord-arc curve inĈ. It is possible to define a trace of u on η by taking averages, and this trace will lie in H 1/2 (η). See Appendix A for more details. For now we just recall the definition: the limit
where B(z, r) = {w : |w − z| < r}, exists for arclength a.e. z ∈ η and
The trace can also be defined from one side of the curve (Lemma A.2): suppose ∂Ω = η and let u ∈ E(Ω). Then
is independent of any choice ofũ ∈ E(C) such thatũ| Ω = u.
Conformal welding
Let h be an increasing homeomorphism of R. We say that the triple (η, f, g) is a normalized solution to the conformal welding problem for h if • η is Jordan curve inĈ passing through 0, 1, ∞;
• f : H → H is the conformal map fixing 0, 1, ∞;
• g : H * → H * is conformal and g −1 • f = h on R, where H, H * are the connected components ofĈ \ η. It is well-known that if h is quasisymmetric, then the solution is unique and η is a quasicircle inĈ. Let u, v ∈ H 1/2 (R) be given and define measures dµ = e u dx and dν = e v dx. We define the homeomorphism h corresponding to µ and ν by h(0) = 0 and then
Using Lemma 2.4 below, h is well-defined and µ([a, b]) = ν(h([a, b])
). Proposition 2.5 will show that h is quasisymmetric. Hence h is the isometric welding homeomorphism associated with µ and ν, see Proof. Changing coordinates to T using the Möbius invariance of H 1/2 , it is enough to show that if u ∈ H 1/2 (T), then exp(u(θ) − 2 log |θ|)dθ has infinite integral on J = [0, δ] for δ > 0. We know that u ∈ VMO(T) and this is in fact enough to assume. By Lemma VI.1.1 of [13] the BMO property implies there is a constant c such that if |I| ⊂ |J| with |I| < |J|/2
and since u ∈ VMO(T) we may assume δ is so small that |u I − u J | log(|J|/|I|)/2 whenever I ⊂ J is as above.
where means inequality with a multiplicative constant (which does not depend on k). It now follows that
which is infinite as claimed. 
Loewner energy
There are several different characterizations of finite Loewner energy curves; we collect here those that are relevant for this paper. It is convenient to start with the bounded case. See [8, 28, 30, 32] for proofs of the results summarized in the next theorem.
Given a Jordan curve η in C, let Ω and Ω * be the connected components of C \ η, f a conformal map from D onto Ω, and g a conformal map from D * onto Ω * fixing ∞. The welding homeomorphism of η is h := g −1 • f restricted to T.
Theorem 2.6 (Bounded finite energy domains).
The following statements are equivalent:
4. The welding homeomorphism h is absolutely continuous and log |h | ∈ H 1/2 (T). Moreover,
where
The curves satisfying the above conditions are also known as Weil-Petersson quasicircles. The right-hand side of (2.7), first considered in [30] Let us make some quick remarks about the geometry of finite energy curves. For simplicity, we assume η is bounded. Let f be the conformal map from D as in Theorem 2.6. Since D D (log |f |) < ∞, log f belongs to the Hardy space H 2 and in fact log f ∈ VMOA, the space of analytic functions with vanishing mean oscillation. Therefore, a theorem of Pommerenke [21] shows that finite energy curves are asymptotically smooth, that is, chord-arc with local constant 1: for all x, y on the curve, the shorter arc η x,y between x and y satisfies lim |x−y|→0 length (η x,y )/|x − y| = 1.
Finite energy curves are not C 1 however, and may, e.g., exhibit slow spirals, see [22] . Since η is rectifiable, f ∈ H 1 (the Hardy space) and has non-tangential limits a.e. on T.
Next, we record a continuity property of the Loewner energy/universal Liouville action which is implied by the L 2 -convergence of the pre-Schwarzian of the conformal maps. To state the lemma, let {η n } ∞ n=1 and η be a family of bounded finite energy curves, and let f n and g n be a choice of conformal maps associated to η n as above, and f and g associated to η. 
In fact, in this case, the welding homeomorphism of η n converges to the welding homeomorphism of η under the Weil-Petersson metric. We have the following immediate corollary.
Corollary 2.8. If η is bounded and I
and r → I L (η r ) is continuous, where (η r := f (rT)) 0<r<1 are equipotentials of the domain bounded by η.
Proof. It suffices to apply Lemma 2.7 with f r (z) := f (rz). Using Carathéodory's kernel theorem and the L 2 -integrability of f /f , it is easy to see that f r /f r converges to f /f in L 2 (D) as r → 1− (see [33] for more details). The continuity of r → I L (η r ) follows
− −− → 0 which then implies that the energy vanishes as r → 0+.
Remark. As a consequence of the flow-line identity, we will see that r → I L (η r ) is nondecreasing, see Corollary 3.11.
Now assume η is a Jordan curve through ∞, and H and H * are the two connected components of C \ η. Let f : H → H and g : H * → H * be conformal maps fixing ∞. The Loewner energy of η can be expressed in terms of f and g as (see [32] Theorem 6.1)
There is also a characterization of welding homeomorphisms g −1 • f on the real line of finite energy curves (or equivalently, Weil-Petersson homeomorphisms):
Theorem 2.9 ([29]). An increasing homeomorphism h of R is in the Weil-Petersson class if and only if h is absolutely continuous and log
The "only if" part of the characterization also follows easily from (2.8). In fact, if I L (η) < ∞, then the trace of log |f | and log |g | are in H 1/2 (R). Since η is a quasicircle, its welding homeomorphism h is quasisymmetric. Hence, a.e., log h = log (g
(We may differentiate (a.e) since η is chord-arc.) In the last step we used Lemma 2.3.
We have also the convergence of the energy of equipotentials in the half-plane setting. 
and the continuity and lim y→∞ I L (η y ) = 0 follow similarly.
Proofs of main results
Welding identity: half-plane version
In this section, we prove the welding identity in the half-plane setting, and all curves are assumed to pass through ∞, see Section 3.2 where we discuss the analogous results in the finite case.
If ϕ ∈ E(C), we have e 2ϕ ∈ L 1 loc (dz 2 ). To see this, let D be a square with sides parallel to the axes. By the Cauchy-Schwarz and Poincaré inequalities, there is a universal constant C such that 1
The last integral is uniformly bounded in D and tends to 0 with |D|. The John-Nirenberg inequality (2.1) therefore shows that e 2ϕ ∈ L 1 loc (dz 2 ), as claimed. Given a Jordan curve η, let f, g be conformal maps from H, H * onto H, H * fixing ∞, respectively. Next, define
Then e 2u dz 2 is the pullback of the measure e 2ϕ dz 2 by f on H, and e 2v dz 2 is the pullback of e 2ϕ dz 2 by g on H * .
If ψ : D → C is an analytic function, we will use the shorthand notation
Theorem 3.1. Let ϕ ∈ E(C) and let η be a Jordan curve through ∞. We have the formula
Proof. Since ϕ ∈ E(C), by conformal invariance of the Dirichlet energy, D H (u) = ∞ if and only if D H (σ f ) = ∞ which is equivalent to I L (η) = ∞. The identity (3.2) thus holds in the case I L (η) = ∞.
It remains to prove (3.2) assuming I L (η) < ∞. For this, using (1.1) it is enough to verify that the cross terms arising from the integrals on the right in (3.2) cancel, that is, we want to show that
Let us first assume that η is smooth and ϕ ∈ C ∞ c (C). By Stokes' formula, the first term on the left-hand side of (3.3) is equal to
where k(z) is the geodesic curvature of η = ∂H at z using the identity ∂ n σ f (x) = |f (x)|k(f (x)). The geodesic curvature at the same point z ∈ η considered as a prime end of ∂H * equals −k(z). Therefore (3.3) follows in the smooth case.
For the general case, notice that from a change of variable (3.3) can be rewritten as
Let η y = f (R + iy) which in particular is a smooth curve, let f y (·) = f (· + iy) which is the conformal map from H to the component H y of C \ η y contained in H, and let g y be a conformal map from H * to the other component H * y fixing ∞. It follows from (3.4) that
Let K be a compact set in C\η. Then by the Carathéodory kernel theorem, (f −1 y ) /(f −1 y ) converges uniformly to (f −1 ) /(f −1 ) in K as y → 0, for y such that η y ∩ K = ∅, and similarly for g. Therefore
On the other hand, Corollary 2.10 implies that lim sup
Hence, by Cauchy-Schwarz, lim sup
as K exhausts C \ η and we similarly have,
Together with (3.5) and (3.6) we obtain (3.4) for all finite energy curves η and smooth ϕ.
Finally, by approximating ϕ ∈ E(C) by functions in C ∞ c (C) in the Dirichlet semi-norm, we have the equality for all finite energy η and all ϕ ∈ E(C).
Theorem 3.2 (Isometric conformal welding). Suppose u ∈ E(H) and v ∈ E(H * ) are given with u, v ∈ H 1/2 (R) also denoting the corresponding traces on R. Let h be the isometric welding homeomorphism of R constructed from the measures e u dx and e v dx as in (2.6).
There exists a unique normalized solution (η, f, g) to the conformal welding problem for h.
Moreover, η has finite energy and there exists ϕ ∈ E(C) such that (3.1) and (3.2) hold.
Proof. Proposition 2.5 shows that the welding homeomorphism h is quasisymmetric and satisfies log h ∈ H 1/2 (R). Therefore the solution to the welding problem is unique, and it follows from Theorem 2.9 that η has finite energy.
Using (2.8), we have
Since the Dirichlet energy is invariant by precomposing with a conformal map, we immediately have D C\η (ϕ) < ∞ since u, v, log |f | and log |g | all have finite Dirichlet energy. Hence we only need to check that ϕ ∈ W 1,2
since η has Lebesgue measure 0. Therefore D C (ϕ) < ∞, so Theorem 3.1 applies and (3.2) follows.
We want to use the gluing Lemma A.4 and so we need to check that the traces of ϕ from both sides of the curve match. By Corollary A.6, the conformal map f −1 commutes with the trace operator, and for arclength a.e. z ∈ η,
In the last expression above, f (x) stands for the non-tangential limit of f at x ∈ R and the last equality follows from Lemma A.5.
In fact, f (x) coincides with the tangential derivative of f a.e. and the arclength of f (I) ⊂ η is given by I |f (x)|dx for any interval I of R, see [20, Theorem 6.8] . Similarly,
Since h is the welding homeomorphism for η, we have by construction
On the other hand, since H is locally rectifiable, we have Remark. The proof of Theorem 3.2 shows that the measure e ϕ |dz| on η equals the pushforward of both e u dx by f and e v dx by g on R. This is the analog of the equality of the chaos measure with respect to Minkowski content on the SLE path and the pushforward of the boundary LQG measures in the quantum zipper, see [4] . Proof. We only need to show that η is necessarily obtained from the isometric welding of e u dx and e v dx, since Theorem 3.2 then implies the existence and uniqueness of the tuple as f is normalized to fix 0, 1, ∞ and η is a quasicircle and therefore conformally removable.
Corollary 3.3. Suppose u ∈ E(H) and v ∈ E(H
Let (ϕ, η, f, g) be any tuple satisfying the above conditions. Then Theorem 3.1 implies that
It follows that η is chord-arc and since ϕ ∈ E(C), its trace ϕ| η ∈ H 1/2 (η) as in Appendix A. As in the proof of Theorem 3.2, the length of a portion of η using the corresponding metric can be computed as
Therefore f and g are given by the isometric welding of the measures e u dx and e v dx.
Remark. Note that by Theorem 3.2, in that same setup, (3.2) shows that
We next show that finite energy curves are closed under arclength isometric welding (see Figure 3 .1) with the energy of the welding curves bounded above by the sum of the energies of the initial pair of curves. We can view this inequality as quantifying the dissipation of energy into the global function ϕ. More precisely, let η 1 and η 2 be two Jordan curves through ∞ with finite energy. Let H 1 , H * 1 be the connected components of C \ η 1 and H 2 , H * 2 the connected components of C \ η 2 . 
Corollary 3.4. Let η (resp.η) be the arclength isometric welding curve of the domains
Proof. For i = 1, 2, let f i be a conformal equivalence H → H i , and 
as claimed.
Remark. In particular, we have the energy sub-additivity:
and the equality holds only when D H (u 2 ) = D H * (v 1 ) = 0 which implies that both η 1 and η 2 are lines.
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Given Corollary 3.4, it is natural to ask for when ϕ is constant so that (3.7) becomes an equality. The following proposition aims to provide the geometrical intuition that this happens if and only if e 2u dz 2 and e 2v dz 2 , considered as Riemannian metrics, have matching geodesic curvatures at points identified by the welding homeomorphism, and are flat in the bulk (∆u = ∆v = 0). We restrict ourselves to the smooth case in order to simplify the discussion and to have all the quantities well-defined.
In the statement, ∂ n and ∂ n * denote the outer normal derivative on R = ∂H = ∂H * with respect to H and H * .
Proposition 3.5 (Curvature matching).
Let u ∈ C ∞ (H)∩E(H) and v ∈ C ∞ (H * )∩E(H * ).
The function ϕ obtained in Theorem 3.2 satisfies D C (ϕ) = 0 if and only if u and v are harmonic, and
Proof. The "only if" part: since ϕ is constant, we have that u = log |f |+ϕ•f is harmonic and so is v = log |g | + ϕ • g. Let k(y) (resp. k * (y)) be the geodesic curvature at y ∈ ∂H (resp. y ∈ ∂H * ) under the metric e 2ϕ dy 2 which also equals the geodesic curvature at z = f −1 (y) ∈ ∂H under the metric e 2u dz 2 . We have the following identity for all z ∈ R,
where k 0 ≡ 0 is the geodesic curvature of R as boundary of H under the Euclidean metric. Hence for all intervals I ⊂ R,
Similarly for ∂ n * v, since ϕ is constant, we have
The "if" part: we check that ϕ is harmonic everywhere in C. Let ρ ∈ C ∞ c (C) be a test function,
The second equality follows from
as in (3.3) and the third equality above follows from the assumption that u and v are harmonic. We have also that
Since we assumed ∂ n u + (∂ n * v) • h · h ≡ 0, we have ∇ϕ, ∇ρ = 0 for all ρ. It follows that ϕ is harmonic in C. Since the Dirichlet energy of ϕ is finite, ϕ is constant.
Welding identity: disk version
We will now discuss the welding identity in the case when η is a bounded finite energy curve. Denote by Ω and Ω * the bounded and unbounded connected components of C \ η and let ϕ ∈ E(C). As in the half-plane case, we associate to the pair (ϕ, η) two functions, this time defined on D and D * :
where f : D → Ω and g : D * → Ω * represent some choice of Riemann maps, such that g(∞) = ∞. It turns out that the correct action functional for the analog of Theorem 3.1 in the disk setting has an extra curvature term. (Or rather, that term is identically 0 in the half-plane case.) More precisely, if u : Ω → R, we define
where k Ω is the geodesic curvature (under Euclidean metric) of ∂Ω. Note that we have
and (2.7) is rewritten as
I L (η) = S D (log |f |) + S D * (log |g |). (3.8)
Theorem 3.6. Suppose ϕ ∈ E(C) and that η is a bounded finite energy curve. Then we have the identity:
Proof. It suffices to prove that the cross-terms in the Dirichlet inner product satisfy
Assume first that η is smooth and ϕ ∈ C ∞ c (C). The first term on the left-hand side is then equal to
As k Ω (y) = −k Ω * (y) for all y ∈ η, we have
which concludes the proof in the smooth case. The approximation of a general finite energy η by equipotentials and ϕ ∈ E(C) by C ∞ c (C) is the same as in the proof of Theorem 3.1. For u, v ∈ H 1/2 (T), e u |dz| and e v |dz| define finite measures on T. We normalize them to have total mass 1 by subtracting (from u) z u := log T e u |dz| and (from v) z v := log T e v |dz|.
In a similar manner as in (2.6), we define a homeomorphism h of T which isometrically identifies e u−zu |dz| and e v−zv |dz| and we may assume it fixes 1. A normalized solution of the conformal welding problem for h is a triple (η, f, g ), where η is a Jordan curve in C with associated Ω, Ω * and conformal maps f : D → Ω fixing 0, 1, and g : D * → Ω * fixing ∞, 1 such that h = g −1 • f | T . We also have log |h | ∈ H 1/2 (T) by the same proof of Proposition 2.5. Theorem 2.6 implies that I L (η) < ∞. The same proof of Theorem 3.2 then gives: Theorem 3.7 (Isometric welding of disks). Suppose u ∈ E(D) and v ∈ E(D * ) are given with u, v ∈ H 1/2 (T) also denoting the corresponding traces on T. Let h be the isometric welding homeomorphism of T constructed as above, and (η, f, g ) the normalized solution. Then there exists a unique ϕ ∈ E(C) such that
and
The analog of Corollary 3.4 also holds:
Corollary 3.8. Let η 1 and η 2 be two finite energy curves with the same arclength, let Ω i and Ω * i be associated to η i , and let η (resp.η) be the isometric welding curve of Ω 1 and
Proof. Without loss of generality, we assume that the arclength of η 1 and η 2 are 1. We put for i = 1, 2, u i := log |f i |, v i := log |g i |. Then η is the welding curve given by Theorem 3.7 with u = u 1 and v = v 2 . Similarlyη corresponds to u = u 2 , v = v 1 . We obtain
In contrast with the cutting and welding operations, our flow-line identity is specific to the half-plane setting for the Loewner energy: as we will see, all the flow-lines are "bi-infinite" and go through ∞.
Flow-line identity
Let η = η(s) be an asymptotically smooth Jordan curve through ∞, parametrized by arclength. Let H, H * be the two connected components of C \ η and let f : H → H, g : H * → H * be conformal maps fixing ∞. We choose arg f to be a (fixed) continuous branch of Im log f in H. By Theorem II.4.2 of [14] , for a.e. ζ = η(s) such that η (s) exists, arg f (z) has a limit as z approaches f −1 (ζ) in H and we denote this limit by τ (ζ). Moreover,
The second equality uses that η is asymptotically smooth. Let P[τ ] be the Poisson extension of τ to C \ η.
Lemma 3.9. Suppose η is a finite energy curve through ∞. Then we have
Proof. Since finite energy curves are asymptotically smooth, by the discussion in the previous paragraph, τ • f is defined and coincides with (the limit of) arg f almost everywhere on R.
Since the trace operator E harm (H) → H 1/2 (R) is an isometry, hence one-to-one, using Lemma A.6 we see that
Theorem 3.10. If η is a finite energy curve through ∞, we have the identity
Conversely, if ϕ ∈ E(C) is continuous and lim z→∞ ϕ(z) exists, then for all z 0 ∈ C, any solution to the differential equatioṅ
is a C 1 Jordan curve through ∞ with finite energy, and
,
Proof. Let f and g be conformal maps from H and H * associated to η as above. From Lemma 3.9, we have for all z ∈ H, arg f (z) = P[τ ] • f (z) and similarly for g. The identity (3.11) then follows from (2.8) using that
, together with the analogous formulas for g.
For the converse statement, notice that exp(iϕ) defines a continuous unit vector field on C. By the Cauchy-Peano existence theorem there exists a solution η (which may not be unique) for all t ∈ R and t → η(t) is an arclength parametrized C 1 curve.
We claim that the solution η is a Jordan curve through ∞. We first prove that η contains no closed loop in C. In order to derive a contradiction, assume that η(0) = η(1) and
is a bounded Jordan curve, it encloses a bounded simply connected domain Ω and we assume that η winds counterclockwise around Ω (consider ϕ + π otherwise). Let ψ : D → Ω be a conformal map. Since the vector field is continuous, ∂Ω has a continuous tangent, so arg ψ extends continuously to D and
However, log z does not have a continuous branch on T but since i(ϕ•ψ(z)−arg ψ (z)−π/2) provides one, this leads to a contradiction.
We next show that η exits every compact set as t → ±∞. Assume this is not the case. Therefore η is an infinite C 1 simple curve and since lim z→∞ ϕ(z) exists, η is in fact the Möbius image of a bounded C 1 Jordan curve. It follows that arg f is bounded and harmonic, so P[arg f | R ] = arg f . Using (3.10) again, we obtain (arg
where the last equality follows from the orthogonal decomposition (for the Dirichlet inner product) as in Lemma 2.1 (after conformally mapping to a disk). We conclude the proof by performing the same computation with g and then using (2.8).
The following corollaries are immediate consequences of the flow-line identity. We consider first the family of analytic curves η r := f (R + ir), where r > 0. 
In case of equality, P[τ ] is harmonic in the complement of η r . Since it is also harmonic in the complement of η, it follows that P[τ ] ∈ E harm (C), and consequently constant. Assume now that η is a bounded finite energy curve. Let Ω be the bounded component of C\η, f a conformal map from D → Ω and η r = f (rT), for 0 < r < 1. Using Corollary 3.11, we compare I L (η) and I L (η r ) to I L (f (C)) where C is a circle tangent to both T and rT as shown in Figure 3 .2 and obtain:
and any equality holds only when η is a circle.
Complex-valued function identity
Let us conclude with the following identity which combines both welding and flow-line identities.
Let ψ be a complex-valued function on C with finite Dirichlet energy. We assume that Im(ψ) ∈ C 0 (Ĉ). We say that η is a flow-line of the vector field e ψ if η is a flow-line of e i Im ψ (as the parametrization of η will not matter for our purpose). Let f, g be conformal maps associated to η as in Section 3.3. 
Remark. From Corollary 3.13 we can easily recover the flow-line identity, by taking Im ψ = ϕ and Re(ψ) = 0. Similarly, the welding identity follows from taking Re ψ = ϕ and Im ψ := P[τ ] where τ is the winding of the curve η as defined in Section 3.3.
Proof. By Theorem 3.10, η has finite Loewner energy and Lemma 3.9 shows that
Hence we can write,
From the welding identity, we have
On the other hand, the flow-line identity gives
A Trace operators on chord-arc curves
The classical generalization of the Sobolev space trace operator is defined for domains with Lipschitz boundary. We are interested in domains bounded by finite energy curves (see Section 2.3), which are rectifiable [12] but not necessarily Lipschitz [22] . This appendix recalls and develops the facts needed for this paper.
It will be convenient to work in the class of chord-arc domains, that is, simply connected domains whose boundary η = ∂Ω is a chord-arc curve inĈ.
We will follow Jonsson and Wallin [17] and define for u ∈ E(C) ⊂ W 1,2 loc (C) a trace by considering averages over balls. A (very slight) complication is the lack of global integrability for elements of E(C).
Lemma A.1. Suppose u ∈ E(C) and η is a chord-arc curve inĈ. The Jonsson-Wallin trace of u on η is defined for arclength a.e. z ∈ η by the following limit of averages
where B(z, r) = {w : |w − z| < r}. Moreover,
Proof. Assume first that η is bounded. Then without loss of generality (by localization and the Poincaré inequality), we may assume that u ∈ W 1,2 (C). Since η is chord-arc, it follows from [17] Theorem VII.1, p.182, that
This extends to the restriction of E(C) on η passing through ∞ via a Möbius transformation. In fact, let m be a Möbius mapping such that m(η) is bounded. By conformal invariance of Dirichlet energy,
since m is smooth in a neighborhood of z. Hence, we have
where the second equality follows from (2.2).
Note that when η is bounded, loc (C), we will denote by u| Ω the restriction of u to the domain Ω.
for arclength a.e. z ∈ η, does not depend on the choice ofũ ∈ W 1,2
The lemma is proved in [5] for u ∈ W 1,2 . The passage from W 1,2 to W 1,2 loc follows from a standard localization argument: Let v, w ∈ W 1,2 loc (C) such that v| Ω = w| Ω = u. For z ∈ η, let ρ be a smooth function supported in B(z, 2) and equals to 1 in B(z, 1). We have ρv ∈ W 1,2 (Ω). Moreover ρv| Ω = ρw| Ω . Applying R η to ρv and ρw, there is no ambiguity in defining the trace for ρu, and we get
Since ρ ≡ 1 in a neighborhood of z, we have also
The lemma below states that W Proof. Using a partition of unity, it is enough to assume u ∈ W 1,2 (Ω), v ∈ W 1,2 (Ω * ). Lemma 2.2 implies that there existsṽ ∈ W 1,2 (C) such thatṽ| Ω * = v and for a.e. z ∈ η,
Therefore R Ω→η [u −ṽ] = 0 a.e. on η. Note that (u −ṽ)| Ω ∈ W 1,2 0 (Ω) − → W 1,2 (C) and we let ϕ ∈ W 1,2 (C) denote the extension of (u −ṽ)| Ω by zero. We set w := ϕ +ṽ ∈ W 1,2 (C) which extends both u and v in the desired way.
The next lemma shows that the Jonsson-Wallin trace of a function in the harmonic Dirichlet space on a chord-arc domain coincides with its non-tangential limits. Given u ∈ E harm (Ω), by Lemma A.2 we may extend u to a function in W Proof. In the case Ω = D we know that u has non-tangential limits almost everywhere and the limiting function lies in H 1/2 (T). It then follows from the fact that harmonic measure and arclength are mutually absolutely continuous on η that u has non-tangential limits almost everywhere on η.
Let ζ ∈ η be a point such that both the Jonsson-Wallin trace and non-tangential limit exist at ζ. Let ε > 0 be given. Proof. Assume first that u ∈ E harm (Ω). Since non-tangential limits commute with a conformal map ϕ and that harmonic measure and arclength are mutually absolutely continuous, (A.4) follows.
Let u ∈ E(Ω), we first assume that Ω is bounded. Then we have u ∈ W 1,2 (Ω) and let u 0 ∈ W 
